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1. Introduction
A calibration on a Riemannian manifold (X, g) is a closed differential m-form φwhose value at
every point on every unit m-plane is at most one. The fundamental theorem of calibrated geom-
etry in [HL82a] asserts that an m-dimensional oriented compact submanifold M (or more gener-
ally a current) for which φ has value one a.e. on every unit tangent plane is mass-minimizing in
its homology class of normal currents. We call (φ, g) a calibration pair of M on X.
In this paper we shall create such balanced pairs for objects in various situations. The idea is
to have a local calibration pair and extend it to a global one. Based on types of objects to deal
with, the paper divides into two parts: the smooth case and the singular case.
Given a homologically nontrivial, oriented, connected, compact submanifold M, we show
that one can conformally change a priori metric such that M becomes homologically mass-
minimizing. Our existence result in every conformal class of metrics generalizes the existence
theorem in [Tas93]. In his paper, Tasaki first applied a functional analysis argument of Sullivan
[Sul76] for a global form φ which has positive values on the oriented tangent planes of M,
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and then he made use of two powerful results (Lemmas 4.1 and 4.2 in our §4.1) by Harvey
and Lawson [HL82b] to build a metric g adapted to φ so that (φ, g) forms a calibration pair of
M. Although our improvement reflects in the metric slot, the essential difference comes from
the construction of calibrations. Our recipe is this. Lemma 3.4 provides a well-behaved local
calibration pair. We first extend the form to a global one in §3.3. Then glue metrics accordingly
in §3.4 for a global calibration pair. The case of a constellation of mutually disjoint submanifolds
possibly of different dimensions is also studied in §3.5.
By Federer and Fleming [FF60] there exists at least one mass-minimizing normal current in
every real-valued homology class of a compact Riemannian manifold. However the regularity
of these mass-minimizing currents and their distributions are quite complicated in general. We
construct nice metrics in Theorem 3.19 so that (as functionals over smooth forms) all homo-
logically mass-minimizing currents of codimension at least 3 are just linear combinations (of
integrations) over submanifolds. The thought is the following. For each dimension, the ho-
mology space has a basis that can be represented by oriented connected compact submanifolds.
One can arrange these representatives so that all intersections among them are transversal. Then
enough calibrations can be made to feed our need for codimensions no less than 3.
Except in low dimensions, mass-minimizing and even calibrated currents can have singular-
ities. N. Smale [Sma99] gave the first examples of homologically mass-minimizing compact
hypersurfaces with isolated singular points. In the second part of our paper, a different method
for getting such creatures through calibrations is gained. We first establish an extension result
Theorem 4.6 (also see Example 1) which allows us to extend a “nice” local calibration pair 1 of
a singular submanifold around its singular set to a calibration pair on some neighborhood of the
submanifold. Under certain condition a further extension to a global pair can be made. Then in
Example 2 we illustrate how to build up examples satisfying the requirements in Theorem 4.6.
They provide lots of instances similar to N. Smale’s.
Our local models of singularities with nice calibration pairs include all homogeneous mass-
minimizing hypercones which have (coflat) calibrations singular only at the origin (see [Zhaa]),
and all special Lagrangian cones (see [Joy08], [McI03], [CM04], [Has04], [HK07], [HK08],
[HK12] and etc. for the diversity) that enjoy smooth calibrations. In fact, based on beautiful
(but non-coflat) calibrations in [HS85] and [Law91] and further analysis, we show in [Zhab] that
every area-minimizing hypercone and every oriented area-minimizing cone obtained in [Law91]
can be realized as a tangent cone at a singular point of some homologically area-minimizing
singular compact submanifold.
A very interesting phenomenon, that we observe in Example 3, is the existence of homolog-
ically mass-minimizing smooth submanifolds which cannot be calibrated by any smooth cali-
bration. Actually, all coflat calibrations of the submanifold share at least one common singular
point. By Remark 4.12 there are examples for which calibrations share more complicated sin-
gular sets.
Through blowing-up we get Example 4 which relates to twisted calibrations [Mur91] and
integral currents mod 2 [Zie62]. It gives us a non-orientable compact singular hypersurface that
is mass-minimizing in its homology class of integral currents mod 2.
Acknowledgement. This paper is an expansion of part of the author’s Ph.D. thesis at Stony
Brook University. He wants to express particular thanks to Professor H. Blaine Lawson, Jr. for
1In this case the calibration form may be singular somewhere. See the definition of coflat calibration in §2.
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his guidance and constant encouragement. He also wishes to thank Professor Frank Morgan for
several valuable communications, Professor Xiaobo Liu for the informative conversation, and
the MSRI for its warm hospitality.
2. Preliminaries
We review some fundamental concepts and results in calibrated geometry. Readers are re-
ferred to [HL82a] for a further understanding on this subject and to [Mor08] for a quick overview
of geometric measure theory.
Definition 2.1. Let φ be a smooth m-form on a Riemannian manifold (X, g). At a point x ∈ X we
define the comass of φx to be
‖φ‖∗x,g = max {φx(−→V x) : −→V x is a unit simple m-vector at x}.
Here “simple” means
−→
V x = e1 ∧ e2 · · · ∧ em for some ei ∈ TxX.
Remark 2.2. ‖φ‖∗g will be viewed as a pointwise function in this paper. In general it is merely
continuous. At a point x where φx , 0,
‖φ‖∗x,g = max{φ(−→V x) : −→V x is a simple m-vector at x with ‖−→V x‖g = 1}
= max{1/‖−→V x‖g : −→V x is a simple m-vector at x with φ(−→V x) = 1}
= 1/min{‖−→V x‖g : −→V x is a simple m-vector at x with φ(−→V x) = 1}.
Definition 2.3. Denote the dual complex of the de Rham complex of X by (E ′∗ (X), d). Elements
of E ′k (X) are k-dimensional de Rham currents (with compact support) and d is the adjoint of
exterior differentiation.
Definition 2.4. In (X, g), the mass M(T ) of T ∈ E ′k (X) is defined to be
sup{T (ψ) : ψ smooth m- f orm with sup
X
‖ψ‖∗g ≤ 1}.
When M(T ) < ∞, T determines a unique Radon measure ‖T‖ characterized by∫
X
f · d‖T‖ = sup{T (ψ) : ‖ψ‖∗x,g ≤ f (x)}
for any nonnegative continuous function f on X. Therefore M(T ) = ‖T‖(X). Moreover, the
Radon-Nikodym Theorem asserts the existence of a ‖T‖ measurable tangent m-vector field −→T
a.e. with vectors
−→
T x ∈ ΛmTxX of unit length in the dual norm of the comass norm, satisfying
(2.1) T (ψ) =
∫
X
ψx(
−→
Tx) d‖T‖(x) for any smooth m-form ψ,
or briefly T =
−→
T · ‖T‖ a.e. ‖T‖. When T has local finite mass, one can get Radon measure ‖T‖
and decomposition (2.1) as well.
Definition 2.5. For a function f , set spt( f ) to be its support. For a current T , let UT stand for
the largest open set with ‖T‖(UT ) = 0. Then the support of T is denoted by spt(T ) = UcT .
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Definition 2.6. Let Mk(X) = {T ∈ E ′k (X) : M(T ) < ∞}. Then Nk(X) = {T ∈ Mk(X) : dT ∈
Mk−1(X)} is the space of k-dimensional normal currents.
Remark 2.7. We view a current in Mk as a functional over smooth k-form not a specific repre-
sentative of generalized distribution.
Note that (N∗(X), d) form a chain complex. Recalling the natural isomorphisms established
by de Rham, Federer and Fleming:
H∗(E ′∗ (X))  H∗(X;R)  H∗(N∗(X))
we identify these three homology groups.
Definition 2.8. A smooth form φ on (X, g) is called a calibration if supX ‖φ‖∗g = 1 and dφ = 0.
Such a triple (X, φ, g) is called a calibrated manifold. If M is an oriented submanifold with φ|M
equal to the volume form of M, then (φ, g) is a calibrated pair of M on X. We say φ calibrates
M and M can be calibrated in (X, g).
Definition 2.9. Let φ be a calibration on (X, g). We say that a current T of local finite mass is
calibrated by φ, if φx(
−→
T x) = 1 a.a. x ∈ X for ‖T‖.
Remark 2.10. For an oriented compact submanifold M, the current [[M]] =
∫
M · is calibrated
if and only if M is calibrated.
The following is the fundamental theorem of calibrated geometry in [HL82a].
Theorem 2.11. If T is a calibrated current 2 with compact support in (X, φ, g) and T ′ is any
compactly supported current homologous to T(i.e., T − T ′ is a boundary and in particular
dT = dT ′), then
M(T ) ≤M(T ′)
with equality if and only if T ′ is calibrated as well.
It is often useful to allow calibrations to have certain singularities.
Definition 2.12. Let φ be a calibration of degree m on X − S φ, where S φ is a closed subset of X
of Hausdorff m-measure zero. Then φ is called a coflat calibration on X. We say φ calibrates a
current, if it is calibrated by φ on X − S φ.
Remark 2.13. Actually there is a coflat version (Theorem 4.9 in [HL82a]) of the fundamental
theorem of calibrated geometry, and a current calibrated by a coflat calibration is homologically
mass-minimizing as well.
3. Smooth case
We shall use some properties of comass. Especially, Lemma 3.4 is crucial to our methods and
Lemma 3.3 provides certain control on comass while gluing metrics.
2It is called a positive φ-current in [HL82a].
ON EXTENDING CALIBRATION PAIRS 5
3.1. Properties of comass.
Lemma 3.1. For any metric g, m-form φ and positive function f on X,
‖φ‖∗f ·g = f −
m
2 · ‖φ‖∗g.
Proof. By the formula in Remark 2.2.
Lemma 3.2. For any m-form φ and metrics g′ ≥ g on X, we have
‖φ‖∗g′ ≤ ‖φ‖∗g.
Proof. By the definition of comass.
Lemma 3.3 (Comass control for gluing procedure). For any m-form φ, positive functions a and
b, and metrics g1 and g2, it follows
(3.1) ‖φ‖∗ag1+bg2 ≤
1√
am · 1‖φ‖∗2g1 + b
m · 1‖φ‖∗2g2
where 10 and
1
+∞ are identified with +∞ and 0 respectively.
Proof. The statement is trivial at where φ vanishes. Suppse φx , 0 at a point x. In the subspace
spanned by a simple m-vector
−→
V x, there exists an orthonormal basis (e1, · · · , em) of g1, under
which g2 is diagonalized as diag(λ1, · · · , λm) for some λi > 0. Let −→V x = te1 ∧ · · · ∧ em, then
‖−→V x‖2ag1+bg2 = t2(a + bλ1) · · · (a + bλm)
= t2[am + · · · + bmΠλi]
≥ t2am + t2bmΠλi
= am‖−→V x‖2g1 + bm‖
−→
V x‖2g2 .
(3.2)
By Remark 2.2, (3.2) implies (3.1).
Lemma 3.4 (Comass one lemma). Suppose (E, pi) is a disk bundle over M (as the zero section)
and g is a Riemannian metric on E. Then each fiber is perpendicular to M if and only if pi∗ω has
comass one pointwise along M where ω is the induced volume form of M.
Proof. For x ∈ M, take an oriented orthonormal basis {e1, · · · , em} of TxM. Then we have
unique decompositions ei = sin θi · ai + cos θi · bi where bi is some unit vector in Fx − the
subspace of fiber directions in TxE, ai is a unit vector perpendicular to Fx , and θi is the angle
between ei and Fx. By the choice of {ei},
1 = ω(e1 ∧ e2 · · · ∧ em)
= pi∗ω(e1 ∧ e2 · · · ∧ em)
= pi∗ω(sin θ1 · a1 ∧ · · · ∧ sin θm · am)
= Π sin θi · pi∗ω(a1 ∧ a2 · · · ∧ am).
(3.3)
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The third equality is because that elements of Fx annihilate pi∗ω. Since {ai} are of unit length,
‖pi∗ω‖∗x,g ≥ 1, ∀x ∈ M. By Remark 2.2, the equality holds if and only if Fx ⊥ TxM.
Remark 3.5. Since pi∗ω is smooth and simple, ‖pi∗ω‖∗g is smooth. By Lemma 3.1, (pi∗ω, (‖pi∗ω‖∗g) 2m g)
is a calibration pair of M on E.
3.2. Global forms. In the singular homology theory the Kronecker product < ·, · > between
cochains and chains induces a homomorphism
κ : Hq(X; G)→ HomZ(Hq(X;Z), G) given by
κ ([zq])([zq]) ,< [zq], [zq] >
where G is an Abellian group. A classical result asserts that κ is surjective. When G = R, by the
de Rham Theorem, κ : HqdR(X) HomR(Hq(X;R),R).
Suppose {Mα} are mutually disjoint m-dimensional oriented connected compact submanifolds
with homology classes {[Mα]} lying in one common side of some hyperplane through the zero
of Hm(X;R). Then there exists a homomorphism z ∈ HomR(Hm(X;R),R) forwarding {[Mα]} to
positive numbers. As a consequence, we have the following.
Lemma 3.6. Suppose {Mα} satisfy the above condition. Then there exists a closed m-form φ on
X with
∫
Mα
φ > 0 for each Mα.
3.3. Gluing of forms. Given an oriented connected compact submanifold M in (X, g), consider
its -neighborhood U . When  is small enough, the metric induces a disk bundle structure of
U , whose fiber is given by the exponential map restricted to normal directions of M. Hence by
Remark 3.5 a local calibration pair of M can be produced. We shall extend (a modification of)
this local pair to a global one. Let us glue forms first.
By a strong deformation retraction from U to M, Hm(U ;R)  Hm(M;R). Therefore for any
[φ1] and [φ2] ∈ Hm(U ;R)
(3.4) [φ1] = [φ2] ⇔
∫
M
φ1 =
∫
M
φ2.
Assume further [M] , [0] ∈ Hm(X;R). By §3.2 there exists a closed m-form φ on X with
s =
∫
M φ > 0. Let pi be the projection map of the disk bundle. Then in U
(3.5)
∫
M
s · pi∗ω
Volg(M)
= s =
∫
M
φ
where ω is the volume form of M. Denote the integrand of the left hand side of (3.5) by ω∗. By
(3.4) [ω∗] = [φ] in Hm(U ;R) which indicates
(3.6) φ = ω∗ + dψ
for some smooth (m − 1)-form ψ on U . Now take Φ = ω∗ + d((1 − ρ(d))ψ) where d is the
distance function to M and ρ is given in the picture. Clearly Φ extends to a closed smooth form
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on X:
Φ =

ω∗ 0 ≤ d ≤ 35
ω∗ + d((1 − ρ(d))ψ) 35 < d ≤ 45
φ 45 < d
By Remark 3.5 (Φ, (‖Φ‖∗g) 2m g) is a calibration pair of M for d < 35.
3.4. Gluing of metrics. Our goal is to extend (‖Φ‖∗g) 2m g to a global metric under which the
global form Φ becomes a calibration. Choose an appropriate positive smooth function α such
that
(3.7) ‖Φ‖∗αg < 1 on X,
and a gluing function σ = σ(d) shown in the picture. Then by Lemma 3.3
(3.8) g˜ = σ
1
m (1 + d2)(‖Φ‖∗g)
2
m g + α(1 − σ) 1m g
can serve for our purpose. Here the factor (1 + d2) makes spt(‖Φ‖∗g˜ − 1) = M which implies that
[[M]] is uniquely mass-minimizing in [M].
3.5. Some results. We can have a few consequences of the constructions in §3.3 and §3.4. An
immediate one is this.
Theorem 3.7. Suppose (X, g) is a Riemannian manifold and M is an oriented connected compact
m-dimensional submanifold with [M] , 0 ∈ Hm(X;R). Then there exists a metric gˆ conformal
to g such that [[M]] is the unique mass-minimizer in its homology class in (X, gˆ).
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Remark 3.8. When X is compact, α in (3.7) can be taken as a sufficiently large constant. Set
gˆ , α−1g˜ and Φˆ , α−m2 Φ. Then (Φˆ, gˆ) is a calibration pair of M and gˆ = g on X − U .
Assume that M is an oriented submanifold with (countably many) connected components {Mi}
and that every Mi is compact. If {Mi} satisfies the condition in §3.2, then the same procedure
works and we have the following.
Theorem 3.9. Let M be given as above in (X, g). Then there exist a metric gˆ conformal to g and
a calibration Φˆ such that every nonzero current T =
∑
i ti[[Mi]], where {ti} are nonnegtive and
only finitely many of them are nonzero, is calibrated in (X, Φˆ, gˆ).
When each [Mi] is nonzero, one can choose some hyperplane Pm through zero in Hm(X;R)
that avoids all classes {[Mi]}. Now Pm divides the space into two open chambers. By reversing
orientations of components in one chamber, we get a new collection satisfying the requirement
in §3.2.
Corollary 3.10. Suppose each [Mi] is nonzero. Then in any conformal class of metrics there
exists a metric gˆ such that every [[Mi]] is homologically mass-minimizing in (X, gˆ).
In order to have a clearer description in more general situation, we need some definitions.
Definition 3.11. A family M of mutually disjoint oriented connected compact submanifolds of
X is called a mutually disjoint collection and an element ofM is a component. The (nonempty)
subsetMk of all components of dimension k is its k-level.
Definition 3.12. Let M = {Mi}i=1,2,··· be a mutually disjoint collection of countably many com-
ponents. If the set
⋃
i, j Mi is closed for every j, thenM is called a neat collection.
The neatness implies the existence of i > 0 such that {Ui(Mi)} are mutually disjoint.
Theorem 3.13. Suppose that M is a neat collection and that each component represents a
nonzero class in the R-homology of X. In addition, assume every level of M has finite com-
ponents except the lowest level. Then in any conformal class of metrics there exists a metric gˆ
such that each [[Mi]] is homologically mass-minimizing in (X, gˆ).
Proof. Without loss of generality, let M = {Aa, Bb} with a > b and g be a metric. Take small
positive 1,2 for the procedure in §3.3 so that U1(A) and U2(B) are disjoint. Suppose one gets
an a-form Φ for A. Then Φ = dθ in U2(B) for some form θ of degree a−1. So Φ can be assumed
identically zero in U2(B) from the beginning. Using an αa whose value remains one on U2(B)
we get a metric g˜ by §3.4 under which A is calibrated by Φ.
By the compactness of U1(A), there is a b-form ψ with
∫
B ψ > 0 and ‖ψ‖∗g˜ < 1 on U1(A).
Suppose we get Ψ following §3.3. Then one can use an αb ≥ 1 with value one in U1(A) for
‖Ψ‖∗αbg˜ < 1 on X.
By §3.4 we get a calibration pair (Ψ, gˆ) of B. Note that (Φ, gˆ) is a calibration of A.
Remark 3.14. The compactness of U1(A) is important. If a level of M has infinitely many
components, then our current proof cannot descend further from that level.
In [Tas93] Tasaki studied the “equivariant” case.
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Theorem 3.15 (Tasaki). Let K be a connected compact Lie transformation group of a manifold
X and M be a (connected) compact oriented submanifold in X. Assume M is invariant under the
action of K and it represents a nonzero R-homology class of X. Then there exists a K-invariant
Riemannian metric g on X such that M is mass-minimizing in homology class with respect to g.
By our method, one can improve the result.
Theorem 3.16. Let K be a compact Lie transformation group of a manifold X and M be a con-
nected compact oriented submanifold with [M] , 0 ∈ Hm(X;R). Assume M is invariant under
the action of K and the action is orientation preserving. Then for any K-invariant Riemannian
metric gK , there exists a K-invariant metric gˆK conformal to gK such that M can be calibrated
in (X, gˆK).
Proof. There is a Haar-measure dµwith
∫
K dµ = 1 for compact K. Since the action is orientation
preserving and gK is K-invariant, ω∗ and d are K-invariant. So one can use dµ to average (3.6)
for a K-invariant Φ which equals ω∗ in M. Then average the corresponding α. By (3.8) one can
get a K-invariant calibration pair (Φ, gˆK).
Similarly one can have another generalization when K is connected.
Theorem 3.17. Suppose thatM is a neat collection with only the lowest level possibly consisting
of infinite components, and that each component represents a nonzero class in the R-homology of
X. Let K be a connected compact Lie transformation group of X. AssumeM is invariant under
the action of K. Then for any K-invariant Riemannian metric gK , there exists a K-invariant
metric gˆK conformal to gK under which each component ofM is homologically mass-minimizing.
3.6. More results. Since only one calibration is constructed for each dimension, results in §3.5,
e.g. Theorem 3.9, lack the control on some region of the space of homology classes. To conquer
this, we shall construct a metric that supports enough calibrations we need.
When Xn is oriented with betti number bk < ∞ for 1 ≤ k < 12 n, by Thom [Tho54] or Corollary
II.30 in [Tho07] there exist embedded oriented connected compact k-dimensional submanifolds
Lk , {Mk1, · · · ,Mkbk } such that span{[Mki ]}
bk
i=1 = Hk(X;R). By dimension reason one can arrange⋃
1≤k< 12 nLk to be a mutually disjoint collection.
Theorem 3.18. Let Mki be given as above. Then in any conformal class of metrics there exists gˆ
under which every nonzero
∑bk
i=1 ti[[M
k
i ]] where 1 ≤ k < 12 n, Mki ∈ Lk and ti ∈ R is the unique
mass-minimizing current in
∑bk
i=1 ti[M
k
i ].
Proof. For the sake of simplicity, assume dim Hk(X;R) = 2 for some k < 12 n and {[M1], [M2]}
is a basis where M1 and M2 are disjoint oriented connected compact submanifolds. Then there
exist k-forms φ1 and φ2 on X with
∫
Mi
φ j = δi, j. Without loss of generality, assume φ1 ≡ 0 on
U(M2) and φ2 ≡ 0 on U(M1) for some small . Note that α can be chosen so that ‖Φˆi‖∗gˆ ≤
1
2 on (U(Mi))
c for the resulting forms Φˆ1 and Φˆ2 in §3.3 under the metric gˆ in §3.4. A key
observation is that ±Φˆ1, ±Φˆ2 and ± Φˆ1 ± Φˆ2 are all calibrations with respect to gˆ.
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Then any nonzero linear combination of [[M1]] and [[M2]] can be calibrated in (X, gˆ). For
example, those representing classes of the closer of the first quadrant can be calibrated by Φˆ1 +
Φˆ2. The uniqueness follows as a result of spt(‖± Φˆi‖∗gˆ−1) = Mi, spt(‖± Φˆ1± Φˆ2‖∗gˆ−1) =
⋃
Mi,
the simpleness of ±Φˆi along Mi and ±Φˆ1 ± Φˆ2 along M1 ⋃ M2, and the connectedness of Mi.
When dim Hk(X;R) = s, 2s such calibrations, each of which has comass norm bounded above
by 1s away from some neighborhood of corresponding submanifold, can be constructed for our
purpose. More generally, for different dimension levels, the above argument combined with the
proof of Theorem 3.13 proves the theorem.
When dim(X) ≥ 6, one can choose bk smooth k-dimensional submanifolds Lk = {Mki }bki=1 for
k = 1, 2, · · · , n − 3, such that span{[Mki ]}bki=1 = Hk(X,R) and such that intersections I among⋃n−3
k=1 Lk are all transversal. Note that I has a natural stratification structure · · · ≺ I2 ≺ I1 =⋃n−3
k=1 Lk, where It is the set of intersections among t representatives.
Theorem 3.19. Let Xn be an oriented manifold with betti numbers bk < ∞ for 1 ≤ k ≤ n − 3
and Lk given above. Then there exists a metric g such that every nonzero ∑bki=1 ti[[Mki ]] where
1 ≤ k ≤ n − 3, Mki ∈ Lk and ti ∈ R is the unique mass-minimizing current in
∑bk
i=1 ti[M
k
i ].
Proof. One can build a metric g on X such that, for any element S of It (t ≥ 2), there exists
some 2-cubic neighborhood of S with fibers (induced by g as in §3.3) split pointwise along S
as the Riemannian product of fibers of 2-cubic neighborhoods of S in HS for all HS ∈ It−1 and
S ⊆ HS .
Let us focus on all (connected parts of) deepest intersections. For simplicity, suppose we
have only one connected deepest intersection ∆ and ∆ ∈ I3. Namely ∆ is the intersection of
three submanifolds M1, M2 and M3. Assume 2 is universal for S ∈ ⋃t≥2 It under g in the
preceding paragraph. Denote the volume form of M3 by ω3, the distance function to M3 by d3,
and the projection to nearest point on M3 by pi3. ω1,d1, pi1 and ω2,d2, pi2 are similarly defined.
Since ωi = dψi in the -neighborhood of (Mi
⋂
Mi+1)
⋃
(Mi
⋂
Mi+2) in Mi (subscripts in the
sense of mod 3), define Ψi = d(ρiψi) in the union of -cubic neighborhoods of Mi
⋂
Mi+1 and
Mi
⋂
Mi+2. Here we identify the pullback of ωi (and ψi) via pii with itself, and ρi is a smooth
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increasing function in di with value zero when di ≤ 12 and value one for 23 ≤ di ≤ . The slash-
shadow region and the backslash-shadow region are intersections of regions Γ2 : 12 ≤ d2 ≤ 23
and Γ3 : 12 ≤ d3 ≤ 23 with M1 respectively.
Case One: Every Mi has the same dimension k. There are three (bunches of) directions Ni
on the -cubic neighborhood U(∆) of ∆. (Note that Ni has meanings for di ≤ 2 only.) Denote
the split part of g along Ni by gi.
Claim:
∑
ωi is a calibration in U(∆).
Since a form and its Hodge dual have the same comass, the claim is an immediate conse-
quence by applying the following lemma to ∗∑ωi = ∑ ∗ωi.
Lemma 3.20. Let e1, · · · , en+2 be an orthonormal basis for Rn+2, and for each multi-index I =
{i1, · · · , ip} where i1 < · · · < ip, let e∗I denote the corresponding “axis” p-form e∗i1 ∧ · · · ∧ e∗ip .
Assume φ = e∗J ∧ e∗n+1 ∧ e∗n+2 where J = { j1, · · · , jp−2} ⊂ {1, · · · , n} and ψ =
∑
I e∗I with ip ≤ n.
Then
‖φ + ψ‖∗ = max{1, ‖ψ‖∗}.
However
∑
ωi is not well defined on the union Ξ of -cubic neighborhoods of M1
⋂
M2,
M2
⋂
M3 and M3
⋂
M1. Instead we consider
φk =
∑
ωi −
∑
Ψi =
∑[
(1 − ρi)ωi − dρi ∧ ψi] on Ξ.
Then
(3.9) φk = ωi when di ≤ 12, di+1 ≥
2
3
 and di+2 ≥ 23.
Note that, under the condition n− k ≥ 3, for example in M1, the subspace spanned by the dual
of (1 − ρi)ωi − dρi ∧ ψi for i , 1 contains at least 2 directions of N1. So, by the useful lemma
of Harvey and Lawson below, if one multiples g1 by a sufficiently large constant C > 1, then φk
has comass one (same as that of ω1) in Ξ
⋂
M1.
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Lemma 3.21 (Corollary 2.11. in [HL82b]). With notation as in Lemma 3.20,
‖e∗1 ∧ · · · ∧ e∗p +
∑
I
bIe∗I ‖∗ ≤ max{1,
∑
I
|bI |}
provided that bI = 0 whenever ip−1 ≤ p.
We are now about to modify g so that φk becomes a calibration in some neighborhood of⋃
Mi. Let C work for each Ξ
⋂
Mi. Choose a smooth function f of d for d ≤  as in the picture
and set fi = f (di).
Along M1
⋂
M2, set
g1 → f3g1, g2 → f3g2, and g3 → f −13 g3 (?)
and similarly for M2
⋂
M3 and M3
⋂
M1. Then in these three sets φk becomes a calibration.
We want to extend the metric along each Mi. A good try based on (?) to the -neighborhood
of M1
⋂
M2 in M1 is this.
g1 → f3g1, g2 → fσ23 g2, and g3 → f −σ23 g3 (∗)
where σ is a cutoff function with f = 1 on spt(σ) and σi = σ(di). A subtle point here is that the
volume form of M1 is unchanged. The same extension from M1
⋂
M3 to M1 gives the following.
g1 → f2g1, g2 → f −σ32 g2, and g3 → fσ32 g3.
Since these two extension do not agree in U(∆)
⋂
M1, we combine them by
g1 → f2 f3g1, g2 → f −σ32 fσ23 g2, and g3 → fσ32 f −σ23 g3.
By f ≥ 1 and f = 1 on spt(σ), the above combination will not affect the comass of φk being
one. Together with the same procedure for M2 and M3, we get a metric g˜ in
⋃
Ξ
⋂
Mi that makes
φk a calibration. Note that in the 13 neighborhoods of Mi+1 and Mi+2 in Mi, or in the complement
of the intersection of 56 neighborhoods of Mi+1 and Mi+2 in U(∆)
⋂
Mi, g˜ = g. Hence by (3.9)
g˜ produces a metric gˇ on the union Υ of 13 neighborhoods of Mi (containing each Mi) making
φk a calibration. Furthermore every nonzero
∑
i,ni=±1,0 ni(ωi−Ψi) becomes a calibration in (Υ, gˇ).
Case Two: M2 and M3 are of dimension k, but M1 has a different dimension m. (Similar for
the case with mutually different dimensions.) Consider potential calibrations ±(ω2−Ψ2),±(ω3−
Ψ3),±(ω2 −Ψ2) ± (ω3 −Ψ3), and ± (ω1 −Ψ1) on Ξ. By the same procedure (but with different
ON EXTENDING CALIBRATION PAIRS 13
weights in (?) and (∗)), one can get calibration paris on some neighborhood of ⋃ Mi.
The idea works for general cases with modified (?) and (∗). Following the above steps around
all connected parts of deepest intersection, one can extend the preferred local calibration pairs
to global ones sharing a common metric. Multiply the metric by a smooth function which is
one in
⋃n−3
k=1
⋃
M∈Lk M and strictly greater than one elsewhere. Name it gˆ. Then every nonzero∑
ti∈R,Mi∈Lk ti[[Mi]] with 1 ≤ k ≤ n − 3 can be calibrated in (X, gˆ). The uniqueness of such a
mass-minimizing current in its current homology class follows similarly as in the proof of The-
orem 3.19. Here note that for any point p ∈ Mki − I2 (a.e. on Mki ) the oriented unit k-vector of
∧kTpMki is the unique unit k-vectors in ∧kTpX that has pairing value one with the corresponding
calibrations of Mki .
Remark 3.22. To show how (?) and (∗) change, suppose in Case One we have M123, M124,
M134, M234 and perpendicular directions N4, N3, N2, N1 respectively given in the figure below.
Then, along M124
⋂
M134
⋂
M234, (?) transforms to
g1 → f4g1, g2 → f4g2, g3 → f4g3 and g4 → f −24 g4 (?′)
and a good try of metric extension to M124 is
g1 → fσ1σ24 g1, g2 → fσ1σ24 g2, g3 → f4g3 and g4 → f −2σ1σ24 g4 (∗′).
The corresponding g˜ in U(∆)
⋂
M124 is given by
g1 → f −2σ2σ41 fσ1σ42 fσ1σ24 g1,
g2 → fσ2σ41 f −2σ1σ42 fσ1σ24 g2,
g3 → f1 f2 f4g3, and
g4 → fσ2σ41 fσ1σ42 f −2σ1σ24 g4.
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Remark 3.23. In general codimension at least 3 is vital to apply Lemma 3.21. For n = 4 or 5,
Theorem 3.19 can be improved to include the level of codimension 2 by Theorem 4.6.
Proof of Lemma 3.20. Assume the comass of φ+ψ is achieved by pairing with a unit p-vectors
ξ. Then we will make use of the following “canonical form of a simple vector with respect to a
subspace”.
Lemma 3.24 (Lemma 7.5 in [HL82a]). Suppose V ⊂ Rn is a linear subspace and ξ is a unit
simple p-vector. Then there exists set of orthonormal vectors f1, · · · , fr in V, a set of orthonormal
vectors g1, · · · , gs in V⊥, and angles 0 < θ j < pi2 for j = 1, · · · , k (where k ≤ r, s ≤ p and
r + s − k = p) such that
ξ = (cos θ1 f1 + sin θ1g1) ∧ · · · ∧ (cos θk fk + sin θkgk) ∧ fk+1 ∧ · · · ∧ fr ∧ gk+1 ∧ · · · ∧ gs.
Let V = span{en+1, en+2}. These λ j = cos2 θ j are eigenvaules of a symmetric bilinear form B
where pi : Rm → V and B(u, v) =< pi(u), pi(v) > is defined on span ξ.
Assume r = k = 2 and s = p (otherwise either < φ, ξ > or < ψ, ξ > gives zero and a proof or
contradiction follows easily). We have
ξ = (cos θ1e1 + sin θ1g1) ∧ (cos θ2e2 + sin θ2g2) ∧ g3 ∧ · · · ∧ gp.
Evaluating φ + ψ on ξ shows
| < φ + ψ, ξ > | = | cos θ1 cos θ2 · φ(e1, e2, g3 · · · , gp) + sin θ1 sin θ2 · ψ(g1, g2, g3 · · · , gp)|
≤ cos θ1 cos θ2 · |φ(e1, e2, g3 · · · , gp)| + sin θ1 sin θ2 · |ψ(g1, g2, g3 · · · , gp)|
≤ cos(θ1 − θ2) ·max{1, ‖ψ‖∗}
≤ max{1, ‖ψ‖∗}
Question: Usually one cannot have such existence result when k can be n− 1. Therefore it may
be interesting to ask whether the same conclusion holds for 1 ≤ k ≤ n − 2 in general.
4. Singular case
In this section the case of submanifolds with singularities will be discussed. Unlike the
smooth case, one cannot have local calibration pairs so easily as in §3.1. Our concern here
is to extend an existing local calibration pair around the singular set to a calibration pair on
some neighborhood of the singular submanifold under consideration. Then a further extension
from the neighborhood to global is roughly the same as in the smooth case.
We first recall two useful lemmas in [HL82b], then obtain our extension theorem, and finally
apply it for several interesting examples in the realm of calibrated geometry.
4.1. Two lemmas. The first lemma tells us how to canonically decompose a p-form with respect
to certain p-plane.
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Lemma 4.1 (Harvey and Lawson). Let ξ ∈ ΛpRn be a simple p-vector with V = span{ξ}.
Suppose φ ∈ ΛpRn satisfies φ(ξ) = 1. Then there exists a unique oriented complementary
subspace W to V with the following property. For any basis v1, · · · , vn of Rn such that ξ =
v1 ∧ ... ∧ vp and v − p + 1, · · · , vn is basis for W, one has that
(4.1) φ = v∗1 ∧ · · · ∧ v∗p +
∑
aIv∗I ,
where aI = 0 whenever ip−1 ≤ p. Here I = {i1, · · · , ip} with i1 < · · · < ip.
The second lemma says how to create metrics based on the above decomposition with control
on the comass of the form.
Lemma 4.2 (Harvey and Lawson). Let φ, V = span{ξ}, and W be given in Lemma 4.1. Consider
an inner product < ·, · > on Rn such that V ⊥ W and ‖ξ‖ = 1. Choose any constant C2 > ( np )‖φ‖∗
and define a new inner product on Rn = V ⊕W by setting < ·, · >′=< ·, · >V +C2 < ·, · >W . Then
under this new metric we have
‖φ‖∗ = 1 and φ(ξ) = ‖ξ‖ = 1.
Remark 4.3. If φ(ξ) = ϑ (positive) not necessarily one, one can apply Lemma 4.1 to ϑ−1φ for
‖φ‖∗ = ϑ, ‖ξ‖ = 1 and φ(ξ) = ϑ by choosing C2 > ϑ−1( np )‖φ‖∗.
They will be used in proving the extension result in the next subsection.
4.2. An extension result.
Definition 4.4. By a singular submanifold (S ,S ) of dimension m with singular set S , we
mean a pair of closed subsetsS ⊂ S of X, where S −S is an m-dimensional submanifold and
the Hausdorff m-measureHm(S ) = 0.
Remark 4.5. Assume S is a submanifold with only one singular point p and Cp is a tangent
cone of S at p. Then the current [[S ]] =
∫
S · is calibrated by a smooth φ if and only if S − p is
calibrated by φ. Moreover, either of them implies that φp calibrates Cp in (TpX, gp).
From now on, (S , o) will be assumed an oriented connected compact singular submanifold
with one singular point o.
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Theorem 4.6. Suppose (S , o) ⊂ (X, g) and [S ] , [0] ∈ Hm(X;R). If B(o; g) ∩ S can be
calibrated by a smooth calibration in some -ball (B(o; g), g) centered at o, then there exists a
metric gˆ coinciding with g on B 
2
(o; g) such that S can be calibrated by a smooth calibration in
(X, gˆ).
Remark 4.7. In the theorem, 2 can be replaced by κ for any 0 < κ < 1.
Proof. Assume  is small enough so that the local calibration φ on B(o; g) can be written as dψ
for some smooth (m − 1)-form ψ. Suppose the compact region Γ1 ⋃ Ω ⋃ Γ2 (the diffeomorphic
image of an h-disk normal bundle, for small h, over a closed set (Γ1
⋃
Ω
⋃
Γ2) ∩ S by the
exponential map restricted to normal directions, see picture below) is contained in B(o; g) −
B 2
3
(o; g). Denote the projection by pi and call the directions perpendicular to fibers horizontal.
Then pi∗ω = d(pi∗(ψ|S )) in Γ1 ⋃ Ω ⋃ Γ2 where ω is the volume form of S ⋂(Γ1 ⋃ Ω ⋃ Γ2). Set
Φ , d(τψ + (1 − τ)pi∗(ψ|S ))
where τ is a cut-off function on Ω shown in the picture with value one near Γ1 and zero near Γ2.
(The picture is just an illustration, since “height” h is usually smaller than one.)
By shrinking h, the smooth function Φ(
−−−→
TyS g) > 12 on Γ1
⋃
Ω
⋃
Γ2 where y ∈ Γ1 ⋃ Ω ⋃ Γ2
and
−−−→
TyS g is the unique oriented unit horizontal m-vector at y with respect to g. Set
g¯ = f · g where f = δ + (1 − δ)(Φ(−−−→TyS g)) 2m
on Γ1
⋃
Ω
⋃
Γ2. Note f = 1 in S
⋂
(Γ1
⋃
Ω
⋃
Γ2) and Φ = φ on spt(δ). Since (φ, g) is a local
calibration pair, f ≥ (Φ(−−−→TyS g)) 2m in Γ1 ⋃ Ω ⋃ Γ2 and f ≡ 1 in Γ1. Then Φ and g¯ naturally extend
on Υ, the region embraced by the “curve” in the picture below (an “h-disk bundle” containing
Γ1
⋃
Ω
⋃
Γ2). Note that
(a). Φ calibrates S
⋂
(Υ −Ω) in (Υ −Ω, g¯),
(b). g¯ = g in Γ1, and
(c). 12 < Φ(
−−−→
TyS g¯) ≤ 1 on Υ with equality on Υ − Γ1 −Ω, where −−−→TyS g¯ is the unique oriented unit
horizontal m-vector at y for g¯.
Now we wish to glue g¯ and g together to make Φ a calibration. By applying Lemma 4.1 to Φ,−−−→
TyS g¯ and g¯ on Υ, one can get a smoothly varying (n − m)-dimensional plane field W transverse
to the horizontal directions in Υ. Following Lemma 4.2, Remark 4.3 and Property (c), for any
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metric gW along W , there exists a sufficiently large constant α¯ (due to the compactness of Υ)
such that, under g˜ = g¯h ⊕ α¯gW on Υ, where g¯h is the horizontal part of g¯,
‖Φ‖∗g˜ = Φ(
−−−→
TyS g¯) ≤ 1.
Based on Property (b) we construct a smooth metric gˇ on Ξ as follows.
gˇ =

g near o
g + (1 − δˆ1)((0 · g¯h) ⊕ α¯gW ) on A
(1 − δˆ2)((0 · gh) ⊕ gν) + g˜ on B
g˜ on Ω
σ˜g˜ + (1 − σ˜)g¯ on Γ2
g¯ far away from o
Here gh, gν are the horizontal and fiberwise parts of g respectively, ⊕means the orthogonal split-
ting of a (pseudo-)metric and + is the usual addition between two (pseudo-)metrics. Note that,
on Γ2, W is exactly the distribution of fiber directions and Φ = pi∗(ω) is a simple horizontal
m-form. So (Φ, gˇ) becomes a calibration pair in Ξ. Since S is a strong deform retract of Ξ and
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[S ] , 0, it can extend to a global calibration pair of S by §3.3 and §3.4.
Since the comass function of a smooth form of co-degree one is always smooth, we have the
following refinement.
Corollary 4.8. Suppose (S , o) is of codimension one in (X, g) representing a nonzero real ho-
mology class. If B(o; g) ∩ S for some  > 0 can be calibrated by a coflat calibration singular
only at o in (B(o; g), g), then there exists a metric gˆ conformal to g with gˆ = g on B 2 (o; g) such
that S can be calibrated by a coflat calibration singular only at o in (X, gˆ).
In fact it does not have to require that S is a strong deformation retract of some open neigh-
borhood of S for the last step in the proof. Whenever there exists a global form that represents
[Φ] in some open neighborhood of S , our construction applies.
Corollary 4.9. Suppose (S ,S ) is of dimension m in (X, g). Assume V
⋂
S for some open neigh-
borhood V of S can be calibrated in (V, g|V ) by some coflat calibration φ with singular set
S φ ⊂ S . Assume further [S ] , [0] in Hm(X;R). If
i∗ : Hm(X;R)→ Hm(U;R),
is surjective for some neighborhood U of S , then there exists a metric gˆ such that S can be
calibrated in (X, gˆ) by a coflat calibration with singular set S φ.
Remark 4.10. By Almgren’s big regularity theorem, being calibrated of S around S implies
that S has codimension at least 2 in S . By spt(d[[S ]]) ⊆ S , d[[S ]] = 0 and therefore [S ]
makes sense.
Remark 4.11. When S is a smooth submanifold, S is a strong deformation retract of B(S ; g)
for small .
4.3. Further applications. Under some circumstances calibrations cannot avoid having singu-
larities. In [Zhaa] we showed that every homogeneous area-minimizing hypercones can have
calibrations singular only at the origin.
Example 1: When the local model around o in Theorem 4.6 is a Simons cone over S r−1×S r−1
for r ≥ 4, one has a smooth calibration φ (which actually can be S O(r) × S O(r) invariant) on
R2r − {0}. Follow the proof of Theorem 4.6 to get Φ on Ξ − o and gˇ on Ξ. By Mayer-Vietoris
sequence for Ξ − o and an open ball B with o ∈ B ⊂ Ξ, one gets the exact sequence
H2r−2(S 2r−1)→ H2r−1(Ξ)→ H2r−1(Ξ − o)→ H2r−1(S 2r−1)→ H2r(Ξ),
where S 2r−1(υ) is a small υ-sphere centered at o. Since
‖
∫
S 2r−1(υ)
Φ‖ = ‖
∫
S 2r−1(υ)
φ‖ = lim
υ→0 ‖
∫
S 2r−1(υ)
φ‖ ≤ lim
υ→0 vol(S
2r−1(υ)) = 0
and S is a strong deformation retraction of Ξ, there is a smooth form φˇ on X such that
φˇ|Ξ−o − Φ = dψˇ
for some smooth (2r−2)-form ψˇ on Ξ−o. Now, away from S , glue φˇ and Φ together to a smooth
form Φˆ on X − o, and meanwhile extend gˇ to gˆ making Φˆ a calibration on X − o.
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By Remark 2.13, [[S ]] is homologically mass-minimizing. However, it is impossible to cal-
ibrate S using a smooth calibration Φ¯ on (X, gˆ). Since if it were the case, according to Remark
4.5 the tangent cone of S at o, a Simons cone, would be calibrated in (ToX, Φ¯o, gˆo). But Φ¯o can
calibrate certain hyperplanes only. Contradiction!
Now we give a concrete construction for such S .
Example 2: Let T be an oriented compact (2r − 1)-dimensional smooth manifold. One
can embed K = S r−1 × Dr into some small ball on it. After surgery along S r−1 × S r−1, one
gets a manifold T ′. The oriented 2r-dimensional smooth manifold W obtained by the union of
[−0.5, 0.5] × (T − K) and the region between { f = −0.5} and { f = 0.5} in the picture under
the identification diffeomorphisms of {t} × S r−1 × S r−1 with { f = t}⋂ S 2r−1(1) is a cobordism
between T and T ′ (corresponding to t = −0.5 and t = 0.5 respectively). Here f is defined on
B2r(1) ⊂ Rr × Rr by f (−→x ,−→y ) = −‖−→x ‖2 + ‖−→y ‖2, and f −1(0) is the truncated Simons cone.
Take two copies of W. Glue the same boundaries. Then one gets an orientable compact 2r-
dimensional manifold X. Now extend the Euclidean metric on the region between { f = −0.25}
and { f = 0.25} in the first copy to a metric on X. Let (S , o) be the singular hypersurface in the
first W corresponding to t = 0. Apparently [S ] , [0] in H2r−1(X;R) (by intersection with a
“t-circle”). Then Example 1 shows that S can be calibrated by a coflat calibration Φ singular
only at o with respect to some metric g on X.
Remark 4.12. By cross-products examples with more complicated singularity can be generated.
For instance, let S i,Φi, Xi, gi be given above for i = 1, 2. Then S 1 × S 2 with singularity S 1 ∨ S 2
is calibrated by the coflat calibration Φ1 ∧Φ2 with singular set S 1 ∨ S 2 in the cartesian product
(X1, g1) × (X2, g2).
Remark 4.13. Suppose C is a cone of higher codimension Rn that has a calibration singular at
most at one point. Consider ΣC , (C × R) ⋂ S n(1) in Rn+1. Choose an n-dimensional oriented
compact manifold T with nontrivial Hk(T ;R). Take an embedded oriented connected compact
submanifold M that represents a nonzero class of Hk(T ;R). In smooth disks around a point of
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M and a smooth point of ΣC respectively one can simultaneously connect T and S n(1), M and
ΣC through one surgery along S 0 × S n (i.e., connected sum). Denote by X and S the obtained
manifold and submanifold (singular at two points). Then [S ] , 0 ∈ Hk(X;R) and similarly there
exists a global calibration pair of S by the proof of Theorem 4.6.
Example 3: Let M be the smooth “fiber” corresponding to {t = −0.3} in the first copy of
W in Example 2. Note that Φ is already a coflat calibration of S on (X, g). According to §3.3,
§3.4 and Remark 3.8, one can modify the calibration to Φ˜ and conformally change g to g˜ in a
neighborhood of M away from S such that Φ˜ becomes a coflat calibration calibrating both S and
M in (X, g˜).
However the homologically mass-minimizing submanifold M cannot be calibrated by any
smooth calibration in (X, g˜). If it were, then S must be calibrated by the same smooth calibration
as well which would lead to a contradiction. This implies that all coflat calibrations of M in
(X, g˜) share at least a common singular point. For such creatures of higher codimension, one can
consider M × {a point} in the Riemannian product of (X, g˜) and a compact oriented manifold.
See Remark 4.12 for more complicated examples.
Next we consider the non-orientable case.
Example 4: Based upon C3,4 one can get an eight-dimensional oriented compact connected
submanifold S with one singular point in some oriented manifold X9 with [S ] , [0] ∈ H8(X;R)
by the method of Example 2. Now blow up at a regular point of S . Call the resulting manifold
and submanifold Xˇ and Sˇ respectively.
By the Seifert-van Kampen theorem pi1(Xˇ)  pi1(X)∗pi1(RP8). The isomorphism of pi1(RP8) 
Z2 trivially extends to a homomorphism : pi1(Xˇ) → Z2, which canonically determines a two-
sheeted cover X of Xˇ. Denote the lifting of Sˇ by S . Note that X  X#X and S  S #S opposite orientation.
By Mayer-Vietoris sequences, one has
H8(X;R)  H8(X;R) ⊕ H8(X;R), and
[S ] = [(S ,−S )] , [0] in H8(X;R).
Now create a Z2-invariant metric g¯ on X such that the orientable S can be calibrated (by a twisted
calibration in the sense of [Mur91]).
Sˇ induces a d-closed integral current mod 2, [[Sˇ ]]2 (see [Zie62]), representing a non-zero Z2-
homology class [Sˇ ]2. We want to show that [[Sˇ ]]2 is M2-minimizing in [Sˇ ]2 under the induced
metric gˇ on Xˇ, where the mass M2(·) of an integral current mod 2 is the infimum of the mass of
all integral representatives.
Suppose K − [[Sˇ ]]2 = dW in the sense of mod 2 for an integral current K of finite mass
and W a top dimensional integral current mod 2. Then the lifting expression to X becomes
K − [[S ]] = dW in the sense of mod 2. (Since S is orientable, [[S ]] is an integral current up
to a choice of orientation.) Now X is oriented and W is of top dimension, so W comes from
the quotient of W˜ by 2 where W˜ is the integral current with multiplicity one on spt(W) and
orientation inherited from X. Restrict W˜ to the connected component of spt(W) to S and denote
it by W˜◦. Assign [[S ]] the orientation induced from W˜◦. Let −K◦ , dW˜◦ − [[S ]]. It follows
Mgˇ(Sˇ ) =
1
2
Mg¯([[S ]]) ≤ 12Mg¯(K
◦
) ≤Mgˇ(K).
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Running K through all the integral representatives of [[Sˇ ]]2 one has
Mgˇ(Sˇ ) = M2gˇ([[Sˇ ]]2).
Let K2 be the integral current mod 2 of an integral current K with [K2] = [Sˇ ]2. Then
M2gˇ([[Sˇ ]]2) ≤M2gˇ(K2).
Namely, [[Sˇ ]]2 is M2gˇ-minimizing in its Z2 homology class.
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